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A BRACKET POWER CHARACTERIZATION
OF ANALYTIC SPREAD ONE IDEALS

L. J. RATLIFF, JR. AND D. E. RUSH

ABSTRACT. The main theorem characterizes, in terms of bracket powers, an-
alytic spread one ideals in local rings. Specifically, let b1, ..., by, be regular
nonunits in a local (Noetherian) ring (R, M) and assume that I C (zR)q, the
integral closure of R, where I = (b1, ...,bg,z)R. Then the main result shows
that for all but finitely many units u1,...,ug in R that are non-congruent
modulo M and for all large integers n and k it holds that 19" = IUlI" for j
=1,...,k and j not divisible by char(R/M), where Il is the j-th bracket
power ((by +uiz)?, ..., (bg +ugx)?,zI)R of I = (b1 +uiz,...,bg +ugz,z)R.
And, conversely, if there exist positive integers g, n, and k > ("j}'g) such that

I has a basis (1, ..., B¢,z such that Ik = (ﬂlk,...,ﬁgk,xk)"R, then I has
analytic spread one.

1. INTRODUCTION

This paper considers the relationship between the analytic spread a(I) and the
equality I¥" = %7 where I is a regular ideal in a local ring (R,M) and k > 2
and n are positive integers. Our main result (mentioned in the Abstract) shows
that such an equality can be used to characterize when a(l) = 1. The proof that
an analytic spread one ideal I yields such an equality for all positive integers k
# 0 mod char(R/M) (and for a fixed number of basis elements) is quite long; it
requires three main steps. The first step, carried out in Section 2, shows that if
(R, M) is a local ring such that char(R/M) > n, if © is a regular nonunit in R, and
if b is an element in R that satisfies an equation of integral dependence on xR of
degree n, then for all but finitely many units u in R that are non-congruent modulo
M it holds that b+ ux satisfies an equation of integral dependence on xR of degree
n whose coefficients are all units in R. The second step involves proving a couple
of new results concerning superficial elements (since if I = (81,...,084,2)R and «
is a superficial element for I such that z* is a superficial element for I*!, then the
equality IF™ = %" for some positive integers k and n, yields the equality R[I/x] =
R[I™ /2*] (see (5.6.4)), so I* = a* R[I/z)N R = 2*" R[I¥ /z*] N R = T¥I" for all
large integers n); so Section 3 is concerned with superficial elements. The third step
is to show that a certain type of large matrices (involving binomial coefficients) is
invertible. This third step in itself is quite lengthy and is of independent interest, so
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the detailed argument that these matrices are invertible is given in [RR2]; however,
the details concerned with analytic spread one ideals are given in the proof of (4.1).

On the other hand, the proof that I¥" = I** (for some large integer k and
with a fixed number of basis elements) implies that a(I) = 1 is easy; it consists
of counting the number of elements required to generate I¥I" and I*". (That the
number of basis elements be fixed as k varies is important, as shown by (5.5.2).)
Therefore, if char(R/M) = 0 and I = (b1,...,by, )R, then a(l) = 1 if and only
if there exists a positive integer n such that for all positive integers k there exists
a basis f1, ..., By, x of I such that I’ = (8,7,..., 6,7, 27)"R for j = 1,...,k (see
(4.9)).

(It should probably be mentioned here that the characterization, as given in the
Abstract, only holds for regular ideals with a principal reduction. However, the
characterization can readily be adjusted to cover all analytic spread one ideals by
considering J in place of I, where J = IR(X)/q with ¢ a minimal primary ideal in
R.)

The equality I¥1" = I*" for some integer k£ > 2 and for all large integers n is
equivalent to “I'*l and I* have the same Ratliff-Rush closure”, so in Section 5 we
prove a number of new results concerning the Ratliff-Rush closure of I.

In Section 6 we prove two additional converses of (4.4). The first of these is that
if Il = 1P when char(R) = p (where p is a prime integer), then a(IRp) = 1 holds
for all prime ideals P in R that contain I. And the second proves a similar result
when it is assumed that (R, M) is a local ring such that char(R/M) = p.

In Section 7 we use the results in Section 6 to show that if char(R) is prime,
if I is a regular ideal of height at least two, if P is the set of prime ideals in R
that contain I, and if S is a finite subset of P that contains the essential prime
divisors of I, then there exists an ideal J in R that is projectively equivalent to I
such that Ass(R/J™) = S for all positive integers n. Finally, in Section 8 we prove
some additional results concerning analytic spread one ideals; these include several
additional characterizations of such ideals.

The concept of the analytic spread of an ideal I in a local ring, introduced
by D. G. Northcott and D. Rees in [NR], is fundamental to a considerable body
of research in commutative algebra. The results in the present paper add to the
known properties of analytic spread, and we think these new properties will prove
useful to others.

2. EQUATIONS OF INTEGRAL DEPENDENCE

Assume that a nonunit b in a Noetherian ring R is integrally dependent on the
ideal generated by a regular nonunit x € R. Then the main result in this section
constructs, for each element u in R, an equation of integral dependence of b + ux
on xR that is closely related to the given equation of integral dependence of b on
xR. To construct this equation, we need the following result concerning sums of
products of binomial coefficients.

(2.1) Lemma. Let n,i,j be positive integers such that n > i. Then the following
hold:
(2.1.1) S, ("EH) 1P () = (-1 (i),
- i—1 (n—i i— n
(2.1.2) Ifi is odd, then Ek;l ( k+k)(_1) B ) =0,
(2.1.3) Ifi is even, then 22;11 ("*;Jrk)(_l)i—kﬂ(fk) _ 2(7;)

T
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Proof. For (2.1.1), note that the k-th summand can be written as

(=)= (n—i4j)---(n—i+1)
MG — k)] '

Let X = (n—i+4+j)---(n—i+1) and note that X is independent of k, so

B e ()

k=1 J-

Multiply the numerator and denominator of the k-th summand on the right-hand

. j— k+1
side by (1) and simplify to get (;!1&7;:;1 =& )Jj! (i)

XJ: (n—z—l—k) Uj_kﬂ(nj__ijc_j) _ %g(_l)j_kH (i)

. Therefore

k=1

But

0= (-1

L

; i k+1< )
Sy (]) =
Theref(?re
ij("_,i%)(—mj—’f“(”;_’zj) Rey= ("),

k=1

0 (2.1.1) holds.
For (2.1.2) and (2.1.3), note that the k-th summand can be written as

(1) *Hnn—-1)---(n—i+ 1)
k(i — k)!

Let X =n(n—1)---(n—1i+ 1) and note that X is independent of k, so

i—1

() L

k=1

Multiply the numerator and denominator of the k-th summand on the right-hand

71)1‘,—k+1 (- 1)7 k+1()

side by (;) and simplify to get (k!(i_k)! = g . Therefore

1

(1) ()

k=1 D k=
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But

k
so it follows that Z;;ll(—l)i*k“ (;) is equal to either 0 (if ¢ is odd) or 2 (if 7 is
even). Therefore

]Zé <n—]i+ k) S i <ka> - %(e) = <’Z> (e),

where e is equal to either 0 (if ¢ is odd) (so (2.1.2) holds) or 2 (if i is even) (so
(2.1.3) holds). O

For (2.3), the main result in this section, we need the following definition.

(2.2) Definition. Let I be an ideal in a ring R. Then I, denotes the integral
closure in R of I, so I, = {r € R; r is a root of a polynomial of the form
X"+ X" 441y, where r; € I fori = 1,...,n}.

(2.3) Theorem. Let z be a regular nonunit in a Noetherian ring R and let b €
(zR)a, say b™ = Y1 rix'b"", where r1,...,r, € R. Let T be an indeterminate
and fori =1,...,n let C;(T) = (=1)"(7)T" + E};é(—l)j (”f;.ﬂ)ri_jTj. Then
for each element w in R, (b+ ux)" = > i, Ci(w)z'(b+ uz)"~" is an equation of
integral dependence of b+ ux on xR. Moreover, if R is local with mazimal ideal M

and if char(R/M) > n, then there exist only finitely many units u in R that are
non-congruent modulo M such that C;(u) € M for somei =1,...,n

Proof. Let 8 = b+ xT. We will first construct the polynomial equation g" =
S Ci(T)x' ", where

(2.3.1) Ci(T) = (-1 1+1< )T’+Z ("_Hj)rijTj.

(Here, the 7, are the coeflicients in the above equation of integral dependence of b

on zR.)
For this, raise 8 = b+ T to the n-th power to get

bn+z()

Jj=1

since b" = >°1 | r;z'b" ", so

(po) g = Zn:m + (?) Ti)zibn.
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Let
n\ .. ,
dy;=r;+ (J,)Tj for j=1,...,n,
and let
Cl(T) =nT +ry,
so C1(T) = di,1 and Ci(T) is as described by (2.3.1). Also, it follows from (po)
that
n . .
(pOI) 6” = Cl (T)J?bn_l + Z dLjJ)J b,
j=2

Raise 3 = b+ 2T to the n — 1-st power, solve for 5”1, and then substitute this
value for o™~ in (po’) to get

n—1 n
B = Cl(T)x[ﬁnfl . Z (n; 1> (xT)ibnflfi] + Zdl,jijnijv

i=1 =2
S0
- 1 . o
(p1) g =Ci(T)xp" " + Z(dl,j - <n >C1 (T)TI~ 1) p" 4,
i=2 g1
Let
daj = dyj — (?:Dcl(T)le forj=2,...,n,
and let
Co(T)=dy2— (n—1)C1(T)T,
S0
CQ(T) = dg/g
— (<Z> T2 + re) — ((n — 1)(nT +71)T)

_ ((Z) —(n—1) (?))T2 —(n=1)rT+r

= — (Z)TQ — (n — 1)7“1T + 72,

so Co(T) is as described by (2.3.1). Also, it follows from (p1) that

n
(p) B = Cy(T)af" " + Co(T)a?b" 2+ dy ja?b" .
j=3
Raise 3 = b+ 2T to the n — 2-nd power, solve for "2, and then substitute this
value for b"~2 in (p;’) to get

n—2 n
B =y (T)xﬁ"_l +Cy (T)x2 [ﬁn—Q _ Z (n Z_ 2) (xT)ibn—Q—i] + Zd27jijn_j7

i=1 =3
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SO
Bn _ Cl (T)J,‘ﬂn_l 4 CQ(T)J)Qﬁn_Q
(pQ) N n (d27j B (7; — 2) 02( )Tj_Q)ijn_j-

Jj=3

Now assume that ¢ > 2 and that C1(T),...,C;—1(T) have been constructed by
this process (and are as described by (2.3.1)). To construct C;(T), let

dij=di—1,; — <ZL: ((;:11))>C (T)TJ ) for j=1t,...,n,

and let
Cz(T) = difl’i — (TL — (Z — 1))Ci,1(T)T,

SO Cz(T) = di,i-
Now note that if i < j < n, then

i1 -
dij=di—1j— (;L_ ;il)Ci_l(T)TJZH
n—1i+2 y n—i4+1 o
= |di—2,j — o (T)TI 2] — L (T)TI—i+1
ldi-2; (j—i+2>c 2(T) ] (j—i+1)c 1)
2 (n—i+k
== (J . k)cﬁk(T)TﬂHk
k=1
2 n—i+k
SN S e
k=1
In particular, when j = i we have
n\ S (n—i+k &
(2.3.2) CiT)=diz=ri+ |, |T -3 N Ci_1(T)T*.

Now it follows from (2.3.2) that, for j = 1,...,i — 1, the coefficient of T7 in
Cz(T) is

(2.3.3) - Z <n _]i+ k) (Ciek(T))j—k»
k=1

where (C;_(T));—k denotes the coefficient of T79=% in C;_(T). And, by induction,

—k+h
(2.3.4) CW(T) = (-1) k+1< >T’“ + Z (n + >rkhTh
fork=1,...;i— 1.
Therefore it follows from (2.3.4) that

A G )
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so by (2.3.3) the coefficient of 77 in C;(T) is

EC e

k=1
j , L
n—z—i—k;) ik (n—z—l—g)
= —1] +1 . Ti—j.
k§=1< k ( ) j_k J

However, (2.1.1) shows that this coefficient is (—1)7 (”7;“)73,]-, so it follows that

for each j = 1,...,i — 1 the coefficient of 77 in C;(T) is as described in (2.3.1).
Also, it follows from (2.3.2) that the coefficient of T in C;(T) is

(2.3.5) (?) - i (n - ;Jr k) (Cieh(T) )ik,
and (2.3.4) shows that -

L ]

so by (2.3.5) the coefficient of T* in C;(T) is

(-5 e ()

However, it follows from (2.1.2) and (2.1.3) that this coefficient is (—=1)""' (%), as
desired.
Finally, it follows from (2.3.2) that the constant term in C;(T") is 74, as desired.
Therefore 3" = Y1 C;(T)z'f"~" with each C;(T') as described by (2.3.1).
Hence, if u € R, then it is clear that

(b + ux)" ZC 2t (b + ux)" "

is an equation of integral dependence of b+ uxz on xR, and, if char(R/M) > n,
then the leading coefficient (—1)"*!("}) of C;(T') is not zero, so none of the C;(u)
is the zero polynomial modulo M. Therefore, if S is the set of elements in R/M
that are a root of at least one of these n polynomials, then S is a finite set. Thus
it follows that there exist only finitely many units u in R that are non-congruent
modulo M such that C;(u) € M for some i = 1,...,n (namely, the u such that
u+ M e 9). O

(2.4) Remark. Note that if C,(u) is a unit in (2.3), then it follows that x is integrally
dependent on b+ ux (and satisfies an equation of integral dependence on b+ ux of
degree n). Therefore 2% is a unit in R[2£“L] and (even stronger) it follows that
R[berME] = R[b+ux]

3. SUPERFICIAL ELEMENTS

Superficial elements have been useful in many research areas, so there are many
results concerning them in the literature. (For basic references, see [N Section 22]
or [ZS2, p. 285].) In this section we prove a couple of new results concerning such
elements that are needed to prove the main theorem (4.4). We begin by recalling
the appropriate definitions.
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(3.1) Definition. Let R be a Noetherian ring, let I be a regular ideal in R, and let
bi,...,bg,x (g > 1) be regular nonunits of R that generate I (note that by,...,by,
are not assumed to be a minimal generating set for I).

(8.1.1) A reduction of I is an ideal J C I such that JI™ = I"*! for some positive
integer n.

(3.1.2) A regular superficial element for [ is a regular element b € I such that
I" : bR = I™! for all large integers n.

(3.1.3) R(R, I) denotes the Rees ring of R with respect to I, so R(R,I) is the
graded subring R[u,tI] of R[u,t], where ¢t is an indeterminate and v = 1/t.
(3.1.4) A prime ideal P in the Rees ring Ru, tI] is said to be relevant in case tI
Z P.

(3.1.5) If R is local with maximal ideal M, then a(I) denotes the analytic spread
of I, so a(I) = altitude(R(R,I)/(u, M)R(R,I)).

(3.1.6) For a positive integer k, the k-th bracket power of I is the ideal I =
(0", ... b," 2F)R, and I%*) denotes the ideal ({b*; b € I})R, so I is the ideal
generated by the k-th powers of by, ..., by, z and It*) is the ideal generated by the
k-th powers of all elements in I. (It should be noted that I C (k) C I* and that
I'™™] depends on the generators by, ..., by, of I, whereas I%) does not.)

Section 5 contains a number of results concerning bracket powers of ideals.

(3.2) Remark (3.2.1). Concerning (3.1.1) and (3.1.6), it is readily checked that I'*]
is a reduction of I* (in fact, (I*)9t! = IFI(1%)9), so (I'*]), = (I*),; hence if R is
local, then a(I™) = a(I*) = a(I).

(3.2.2) Concerning (3.1.2), a regular element b € I is a regular superficial element
for I if and only if bt ¢ U = U{p; p is a relevant prime divisor of uR(R,I)}
(equivalently, bt € tIR — U).

Proof. For (3.2.2), assume first that bt ¢ U, so bt is not in any relevant prime divisor
of uFR for all positive integers k. Fix a large integer k and note that for all large
integers n the prime divisors of u*R. : (tI)"R. are the relevant prime divisors of uR.
Therefore (u*R : (tI)"R) : btR = u*R : (tI)"R, so it follows that u*t" TR : bI"R
= u**"R : I"R for all large integers n. Contracting this equality of ideals to R
yields I*+7+1 . pIm = [*+t7 . I*. However, I**t" : I™ = I* for all large integers k,
by [RR1 (2.3.2)], so it follows that I**1 : bR = I* for all large integers k, so b is a
regular superficial element for 1.

For the converse, assume that bt is in some relevant prime divisor of uR and
fix a large integer k. Then it follows that (u*R. : (¢tI)"R) : btR properly contains
u*R : (t)"R for all large integers n. Therefore u**"R : I"R C u*™" TR : bI"R,
so (since these ideals are homogeneous) there exists a homogeneous element r¢t™ €
(uFtn IR : bI"R) — (ut"R: I"R). (Note that there is such an element rt™ for
all positive integers m. To see this, let n be a large integer and fix m > 1. Then
if (D)"R N (R :bt(t1)"R) C v R : (tI)"R, then ((tI)™R)(u R : bt(tI)"R) C
u*R : (tI)"R and (t])™R is not contained in any prime divisor of u*R : (tI)"R,
so u*R : bt(tI)"R is contained in each primary component of u*R. : (tI)"R, and
this contradicts the fact that (u*R. : (tI)"R) : btR properly contains u*R.: (tI)"R
for all large integers n.) It then follows that rbI™ C u*+tnTI+mR N R = [kntitm
and that rI" ¢ uF*"TmRNAR = I¥t7+t™ Therefore rb € IF+1+tmtn . [n — rktltm
(by [RRI} (2.3.2)], since k is large) and r ¢ I¥T™m+n . [7 = [F+™ 50 b is not a
superficial element for 1. O
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(3.3) Lemma. Let (R, M) be a local ring such that R/M is infinite and let I be a
reqular ideal in R. Fiz a positive integer k. Then there exists a reqular superficial
element b for I such that b* is a reqular superficial element for I¢%).

Proof. Let R = R[u,tI] and Ry, = R[u* t*I*)], so Ry = R(R, I*?) and R contains
and is integrally dependent on Ry. Let p1,...,pn be the prime ideals in R that
are either a relevant prime divisor of uR or that lie over a relevant prime divisor
of u*Ry. (Note: since R is local, I is regular, and u is regular in R, it follows that
each prime divisor of zero in both R and Ry is contained in at least one of the
pi. Also note that relevant prime ideals in R contract to relevant prime ideals in
Ry.) Then since R/M is infinite there exists a (regular) element bt € R that is

not in any of these prime ideals. Therefore it follows from (3.2.2) (and from Ry, =
R(R, I®))) that b (resp., b¥) is a regular superficial element for I (resp., I?). O

By starting with a given basis b1,...,bg,x for I, we do not know how to prove
the result corresponding to (3.3) for I (%] in place of I*). The difficulty is, of course,
that b* may not be in I'*. However, (3.4) shows that (3.3) can be strengthened
to include several different values of k simultaneously, and (3.7) shows that we can
often find such an element b for I'*! in place of I*) when a(I) = 1 .

(8.4) Remark. A proof similar to that given for (3.3) shows that, if k is a given
positive integer, then (since R is integrally dependent on each of the rings R; =
R[u!, #'1") = R(R, I?) for i = 1,...,k) by letting p1,. .., pw be the prime ideals
in R that are either a relevant prime divisor of uR or that lie over a relevant prime
divisor of u'R,; for at least one i = 2, ..., k, there exists a regular superficial element
b for I such that b’ is a regular superficial element for I for i = 2,..., k.

(3.5) Lemma. Ifb is a reqular superficial element for a regular ideal I in a Noe-
therian ring R, and if A = R[I/b], then " AN R = I™ for all large integers n.

Proof. Let b be a regular superficial element for I and let n be large enough that
I' : bR = I'™! for all integers i > n. Then if r € b"A N R, then there exist a
positive integer m and an element o € I"™ such that r = 0" (a/b™). If n > m, then
r=0""aq e I" and if n < m, then 8" "r =a € ™, sor € I"™: "™ "R = 1".
Therefore 8" AN R C I™ for all large integers n, and the opposite inclusion is clear;
hence " AN R = I" for all large integers n. O

We close this section with two more results concerning superficial elements. (It
should be noted that the hypotheses in (3.6) that I has a principal reduction does
hold when R/M is infinite and a(I) = 1.)

(3.6) Proposition. Let (R, M) be a local ring, let I be a regular ideal in R, and
assume that I has a reduction generated by one element. Then for each reduction
cR of I, c is a reqular superficial element for I.

Proof. Let cR be a reduction of I. Then c is regular in R (since I is regular and
I+l = cI™ C cR for some positive integer m), and there exists a positive integer
n such that ™! = cI™ for all integers m > n. Therefore I : cR = cI™ : cR
= I™ for all integers m > n, so ¢ is a regular superficial element for I. O

(3.7) Corollary. Let (R, M) be a local ring, let I = (b1,...,by,2)R be a reqular
ideal in R, and assume that I C (xR),. Then for each integer k > 1 it holds that
"R is a reduction of I = (blk7 e ,bgk, ®)R and that z* is a regular superficial
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element for I, Moreover, if n; is an integer such that (b;, z)™ R = x(b;,z)™ 'R
fori=1,...,g9,ifn* = (37 ni)—g, and if A = Rlby/x,...,by/x], then 2" A =
z"ANR = I" for all integers n > n*.

Proof. 1t is clear that zF € I¥ C I* C (2*R),, so ¥R is a reduction of I™ so zF
is a regular superficial element for T'*!, by (3.6).

For the last statement of the corollary, note that it follows from the definition of
n* that I™ = "™ I for all integers n > n*. Also, A is integrally dependent on
R, since each b;/x is integral over R, so A is a finite R-module. In fact, since I"™ =
""" I it follows that each element in A can be written in the form §/z" for
some 3 € I, so it readily follows that 2" A = 2" AN R = I"™ for all integers n >
n*. O

4. THE MAIN THEOREM

In this section we prove the main theorem and a couple of useful related results.
Our first result in this section is the case ¢ = 1 and k > 2 of the main theorem,
that is, the case where I = (b, z)R.

(4.1) Theorem. Let b and x be regular nonunits in a local ring (R, M) such that
b is integrally dependent on xR, say b" = E?zl rixb" ¢, where ry,...,m, € R. Let
k > 2 be an integer that is not divisible by char(R/M). Then for all but finitely
many units u in R that are non-congruent modulo M it holds that:

(4.1.1) (b,2)’"R = (b+uz,2)’"R = 27 ((b+ux)), 2" 1R for j = 1,...,k and j
# 0 mod char(R/M).

(4.1.2) (b)Y VR = (b+ux,2)) " VR = ((b+ux), 2" 'R for j = 1,...,k
and j #Z 0 mod char(R/M).

Proof. Let 8 = b+aT, where T is an indeterminate, so the proof of (2.3) shows that
B = Soi, Ci(T)a’ B, where Cy(T) = (= 1)1 () TP+ 5o (= 1)7 ("7 )riy T7.
(Here, we do not need to assume that char(R/M) > n (see (2.3)), since we are not
trying to make all the coefficients Cy(u),...,Cp(u) units in R. Our goal will be to
choose u so that Det(H, ") (see (4.1.4)) is a unit in R/M, and for this we will
only require that & is not divisible by char(R/M); see the proof of (4.1.4) and the
paragraph that follows its proof.)

Let s = kn — n and successively multiply both sides of the equation g" =
S Ci(T)x B by B%, xB57, ..., 2713, 2° to obtain the s + 1 equations:

grre =3 CiT)a'pm e,
i=1

n
xﬁnJrsfl — Z Ci(T)xiJrlﬁnfiJrsfl,
=1

:L'S_lﬂn—H _ Z Ci (T)xi-l—s—lﬁn-i-l—i7
i=1

56" = Z C; (T)xi+56n7i.
i=1
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(Note that n + s = kn, so when T is replaced by any unit w in R these
s + 1 equations involve the kn + 1 generators (b + uz)*™ x(b + ux)k"=1 .. .,
2F=1(b + uz), 25" of (b + ux,z)k" R.)

Rewrite each of these s + 1 equations with the n terms involving z* k(=%
(i = 1,...,n) on the right-hand side and the remaining s + 1 = (kn + 1) — n
terms on the left-hand side. Now view these equations in this form as the system
H, x(T)Y = G of s+ 1 linear equations in the s+ 1 variables in the set {z?3%"~; i
=1,...,kn—1and i # 0 mod k}U{B*"}. Here: Y is the s+1-tuple (column vector)
(BFn pphnt L ptphni L akr 1) (with i = 1,... kn — 1 and i # 0 mod k);
G is the the s + 1-tuple (column vector) (g1, ...,gs+1)", where g; is the sum of
the terms of the j-th equation involving z*7, zF(n=1 gk zkgnts=k (including
the coefficients C4,...,Cy (and —1 for j = k+1,2k+1,...)) (so each g; becomes
a linear combination of the generators of z*((b + ux)*, 2*)""1R when b + ux is
substituted for 8); and, H, (T) is the s + 1 by s + 1 coeflicient matrix, which is
obtained as follows:

(4.1.3) Construction. Fiz integersn > 2 and k > 2, let s = kn—mn, and let m =
kn+1. Let Ag be the s+1 by m matriz whose first row is —1 C1(T) Co(T) ... Cp(T)
followed by kn — n zeros (so the row has m entries), whose second row consists of
0 followed by the first row with its last 0 deleted, whose third row consists of 0
followed by the second row with its last 0 deleted, ..., and whose s + 1-st row
consists of 0 followed by the s-th row with its last O deleted. (Note that column j
of Ag contains the coefficients of 71 6*"=U=1) in the above equations rewritten in
the form —ghpgkn=h £ N1 Cy(T)xtthgkn=i=h = 0.) Then H, (T) is the s+1 by
s+ 1 matrixz obtained by deleting columns k+1,2k+1,...,nk+1=m from Ag (so
the n columns that involve the coefficients of the elements BF"=D gk (G =1,... n)
are deleted), leaving s + 1 columns.

The following are three examples of H,, ;(T"). The first is H, o(T") with n even
(so Hypo(T) is an n 4+ 1 by n + 1 matrix); the second is H,, o(T) with n odd (so
H, »(T) is an n+ 1 by n + 1 matrix); and the third is H,, ,+1(T) (80 Hy nt1(T) is
an n? + 1 by n? + 1 matrix).

For n even:
—1 Cy(T) C3(T) Cs5(T) ... Cu1(T) 0O 0 0 0
0 -1 Co(T) Ca(T) ... Cna(T) Cn(T) 0 0 0
0 0 CU(T)Cs(T) ... Co_s(T) Cri(T) 0 0 0
0 0 —1 Co(T) ... Coea(T) Crea(T) Cn(T) 0 0
0 0 0 Ci(T) ... Cp—s5(T) Cp—3(T) Cr1(T) ... 0 0
H,o(T)=1] 0o o 0 —1 ... Cpo6(T) Cp_s(T) Cp_o(T) ... 0 0
0 0 0 0 Ci(T) Cs(T) Cs(T) .. Ca_r(T) 0
0 0 0 0o .. -1 Co(T)  Cu(T) ... Cna(T) Cn(T)

0 0 0 0 .. 0 Ci(T)  Cs(T) ... Cr3(T) Cr1(T)



1658 L. J. RATLIFF, JR. AND D. E. RUSH

For n odd:
—1 C1(T) C3(T) Cs(T) ... Cn(T) 0 0 0
0 —1 Co(T) Cu(T) ... Cn—1(T) 0 0 0
0 0 Ci(T)Cs(T) ... Cno(T) Cn(T) 0 0
0 0 -1 Co(T) .. Cns(T)Cn1(T) O 0
| o o 0 Ci(T) ... Croa(T) Cro(T) Cn(T) 0
Hypo(T) = 0 0 0 -1 .. C,,L,:(T) C,,L,i(T) Crn-1(T) ... 0 J
0 0 0 0 Ci(T)  Cs5(T) Cs5(T) ... Cu(T)
0 0 0 0 -1 Co(T)  Cu(T) ... Cnr(T)
—1Cy(T) Co(T) ... Cn(T) 0 0..00 0 .. 0 0
0 -1 Ci(T)...Cph1(T) 0O 0..00 0 .. 0 0
0 0 -1 ..Cha(T)Cu(T)0..00 0 .. 0 0
Hp 1 (T) = Do Do : : :
0 0 0o 0 .. 0 0..00CUT) ... Coe1(T) Cn(T)
0 0 0 0 0 0..00 =1 .. Cp_oT)Cnr_1(T)

Now consider the matrix Hy, x(T) modulo M, and recall that each C;(T) is a
polynomial in T of degree i whose leading coefficient is (—1)*! (?) It follows from
this that Det(H, (7)) is a polynomial P(T); in fact, the following holds:

Det(Hy, 1(T)) is a polynomial of degree

nin—1)(k—1)
(4.1.4)

2
whose leading coefficient is Det(H, ™)

s

where H,, 1" is the s +1 by s+ 1 matrix obtained from H, ;(7") by substituting the
leading coefficient (—1)"**("}) of C; for C; (for i = 0,1,...,n). (In the three cases
above:

For n even:
-G ) G G) - () o 0 0 0
o =) -() () -Gr) -G) o 0 0
o 0 (1) (5) ~ () ()0 o 0
0 0 —(’g) —(2‘) —(71’14) (™) —(2) 0 0
P IR T T ) R S AL P R
2 = 0 0 0 7(3) 7(ni6) 7(n7i4) 7(7;22) 0 0
I O N () I
0 0 -(6) ) ) - —Gr) -(h)
0 0 0 0 (T) (g) (nZS) (nﬁl)
For n odd:
-G @) G G - G 0 0 0
0" ()= - (1) 0 0
oo (1) (5) - Gr) () 0 0
o 0 —(5) () —(1s) —(G2) o 0
Hn72*: 0 0 0 (71L) (7L7i4) (n:LZ) (:) 0
00 0 —(5) - —("5) —(s) —(1) 0
o o0 o0 MGG ()
0 0 0

B S S
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Hn,nJrl*
=) (1) =) DT o . 0 0 0
0 () () . () 0 0o 0
B 0 0 —(3) . D) D) 0 0 0
(.) 0 o 0 (’f) (—1)”(7,,7:1) (_1)n+1(::)
0 0 .o 0 —(3) e 1PN 1R
To prove (4.1.4), let A; be the kn + 1 by kn + 1 matrix obtained by adjoining
to the bottom of Ag in (4.1.3) the n rows e;x+1 (i = 1,...,n), where e;rq1 is the

kn + 1-tuple whose only nonzero entry is 1 in the ik + 1-st component. Then it
is readily seen that Det(A;) = £Det(H, x(T)) (by expanding the determinant of
Aq by its last row to get the kn by kn matrix B; obtained by deleting the last
row and column of Ay, so Det(B;) = Det(A;); then expand the determinant of By
by its last row to get the matrix By obtained by deleting the last row and the
(n — 1)k + 1-st column of By, so Det(By) = (—1)F"+(=Dk+1 Det(B;); and repeat
this n — 2 more times). Therefore to prove (4.1.4) it is sufficient to prove that each
nonzero summand of Det(A;) has degree %

For this, note first that it follows from (4.1.3) that, for i = 1,...,kn —n + 1
and j =14,...,k+n, the (¢, j)-entry of A; is Cj_; (with Cy = —1), so this entry

has degree j — 7; the other entries of rows ¢ = 1,...,kn —n+ 1 are zero. Also, the
only nonzero entry in each of the last n rows is the 1 in the ik 4 1-st component
(for i = 1,...,n). Therefore let a1, - arnt1,ip,., be a nonzero summand of

Det(Ay). Then a1, -+ @rnt1ipnyy = Civ—1 Cip_pi—(kn—n+1)1 -+ 1 (there are
n 1’s). Therefore the degree of this summand is (i1 —1)+- - 4 (ign—n+1— (kn—n+1))
= Zfl;"“ ij— Zfﬁ;nﬂ j. However, since this is a nonzero summand and since,
fori=1,...,n, the kn — n + 1 + i-th row has its only nonzero entry (= 1) in the
ik+1-st component, it follows that the columns i1, ..., igp—nt1 must be the columns
in{1,2,...,kn+1}—{k+1,2k+1,...,kn+1}. Therefore it follows that the degree

of this summand is

kn—n-+1 kn—n—+1 kn+1 n(n+ ].)k‘ kn—n-+1
Yooii— Y i=( D = Y
j=1 j=1 j=1 j=1

which simplifies to nn=Dk=1) Gince this is the degree of each nonzero summand

of Det(A1), it follows that Det(H, x(T)) is a polynomial whose leading coefficient
is Det(H,, ;.), so (4.1.4) holds.

Now it is proved in [RR2| Corollary 2.6] that if char(R/M) = 0, then Det(H,, ;™)
= +k'"~1 (since k+ 1,2k + 1,...,kn + 1 is an arithmetic sequence); here, t,,_1 =
('2’) is the n — 1-st triangular number (so t,_; is the n — 1-st integer in the se-
quence 1,3,6,10,15,...). Since determinants are computed the same way over
any commutative ring (as a sum of products of elements in the ring), it fol-
lows that if char(R/M) = p # 0 and k #Z 0 mod p, then the leading coefficient
of P(T) = Det(H, ,(T)) is Det(H, ") = £k'»~* mod p, which is nonzero in
R/M. Therefore this polynomial has only finitely many zeros (in fact, it has at
most W zeros, by (4.1.4)), so there exist only finitely many units u in
R that are non-congruent modulo M such that Det(H, y(u)) is a nonunit in R.
Hence if u is chosen to be none of these units in R, then H, ;(u) is invertible, so
there exists a unique solution to the system H, ;(u)Y = G of linear equations.
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Therefore it follows that the elements in {z%(b+ uz)*~% i =1,...,kn —1 and i
# 0 mod k} U{(b+ux)k"} are in the ideal generated in R by the components of G
when b+ ux is substituted for 3, and it is clear that this latter ideal is contained in
2F((b+ux)*, 2*)" 1R, so (b+uz, )" R C 2*((b+ux)*, 2*)" 1 R. Since the oppo-
site inclusion is clear, it follows that (b + uz,z)*" R = z*((b + ux)*, 2*)" 1R, and
it is clear that (b + uz, )" R = (b, 2)*"R.

Since the preceding holds for each integer k > 2 that is not divisible by char(R/M)
(that is, since there are only finitely many units v in R that are non-congruent mod-
ulo M such that Det(H, (u)) is a nonunit in R), it follows that if k& > 2, then
there are only finitely many units » in R that are non-congruent modulo M such
that Det(Hy j(u)) is a nonunit in R for j = 2,3,...,k and j # 0 mod char(R/M).
Therefore for all but finitely many units v in R that are non-congruent modulo M
it holds that

(b,2)'"R = (b + uzx,z)’"" R = 27 ((b + uzx)’, /)" 'R

for j =1,...,k and j # 0 mod char(R/M). Therefore (4.1.1) holds.

Finally, since (b, )" R = (b, )"~ 'R, it follows that (b,2)"" R = 27 (b,z)?"~ VR,
so since z is regular in R it follows from what was shown in the preceding paragraph
that (b,2)? YR = (b+ux,2)/ " DR = (b +ux)’,27)" 'R for j = 1,...,k and
j # 0 mod char(R/M); hence (4.1.2) holds. O

(4.2) Remark. Concerning (4.1), it should be noted that the conclusion can be
changed to: if K > 2 and m > n — 1, then for all but finitely many units « in
R that are non-congruent modulo M it holds that (b,z)™ R = (b+ uz,z)™ R =
(b4 ux)?,z9)™R for j = 1,...,k and j # 0 mod char(R/M). (This follows from
the fact that if o™ = 7" | r;2'b" %, then b™ = > r;xz'b™ ", where 1y q1,..., T
are zero.)

(4.3) Corollary. Let b and x be reqular nonunits in a local ring (R, M) such that
b2 = rixb + rox? for some ri,ry in R. Let k > 2 be an integer. Then for all but
finitely many units u in R that are non-congruent modulo M it holds that (b,z)’ R
= (b+ur,z)’R = ((b+ux)!,27)R for j = 1,...,k and j # 0 mod char(R/M).

Proof. This is the case n = 2 of (4.1.2). O

We can now prove the main theorem in this section.

(4.4) Theorem. Letb,...,bgy,x be reqular nonunits in a local ring (R, M), let I =
(b1,...,bg, )R, and assume that a(I) = 1 and that I C (zR)q4, say (bi,z)™ R =
x(bj, )" IR fori=1,...,9. Let n* = (Z?zl n;)—g and let k > 2 be an integer.
Then for all but finitely many units ui, ..., uqy in R that are non-congruent modulo
M it holds that

™ = (by +wiz, ... by +ugz,2)" R = ((by + wiz)’, ..., (by +ugz), 2/ )" R
for all integers n > n* and for j = 1,...,k and j #Z 0 mod char(R/M).

Proof. Fixh € {1,...,g}. Then the hypothesis implies that b,"" = >/, rathy
where r1,...,r,, € R. Therefore (4.1.2) shows that for all but finitely many units
u in R that are non-congruent modulo M it holds that

(bp, 2)? "~V R = (by, + uz, 2)" ™ VR = ((by, + uzx)?, 2?)" 'R
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for j =1,...,k and j # 0 mod char(R/M). Therefore (3.7) shows that R[B,/z] =
R[By /2] for j = 1,...,k and j # 0 mod char(R/M), where 3, = by, + ux, and it
is clear that R[by/x] = R[6nr/x], so

(44.1) Rlon/a] = RIBu/2] = R /]
for j=1,...,k and j # 0 mod char(R/M).
Let A = R[b1/z,...,bg/x]. Then it follows from (4.4.1) that

(442) A=R[Bi/x,...,By/z) = R[B [a7,.... B4 2]
for j=1,...,k and j #Z 0 mod char(R/M).

Also, it is clear that (81,...,84,2)R = I. Therefore, since xR is a reduction of
I, (3.7) shows that R (resp., 27 R) is a regular superficial element for I (resp.,
(B, ... ,ng, 29)R) and that 2" A = 2" AN R = I" for all integers n > n*.

Moreover, (4.1.1) shows that (37, 27)" R = 27 (8,7 ,27)“ 'R fori=1,...,g and
j=1,...,kand j # 0 mod char(R/M). Therefore, since z7 is a regular superficial
element for (3,7, ... ,ﬁgj,:cj)R for j = 1,...,k (by the preceding paragraph), it
follows from (3.7) (with 2/ and IV in place of z and I) and (4.4.2) that 2" A =
tmMANR = (617,...,8,7,27)"R for all integers n > n*. Therefore it follows from
what was shown at the end of the preceding paragraph that

™ = (by +wiz, ..., by +ugz,2)" R = ((by + wiz)’, ..., (by + ugz)’, 2/ )" R
for all integers n > n* and for j = 1,...,k and j £ 0 mod char(R/M). O

(4.5) Corollary. Let by,..., by, x be regular nonunits in a local ring (R, M), let I
= (b1,...,bg, )R, and assume that a(I) = 1 and that I C (zR),. Let A = R[I/z].
Then for all integers k > 2 that are not divisible by char(R/M) there exists a basis
Bi,...,Bg,x of I such that A = R[I /zF].

Proof. This was proved in the first two paragraphs of the proof of (4.4). O

For the following remark, the proof of (4.6.1) is similar to the proof of (4.1), and
the proof of (4.6.2) is similar to the proof of (4.4), so the proofs will be omitted.

(4.6) Remark. (4.6.1). Let (R,M) and I = (b,x)R be as in (4.1), assume that
char(R/M) > n, and let ¢ > n — 1 be an integer. Then for all but finitely many
units « in R that are non-congruent modulo M it holds that I = (b + ux, )R and
that I/ is generated by any set S* = {2 1 (b+ux)’~ (¢~ i=1,... nand 1 <
1 < <ep < j+1such that ¢; — ¢p # 0 modulo char(R/M) for 1 < h < i <n}
of n power products of degree jin b+ uzx,z for j=n—1,...,q.

(4.6.2) Let by,...,by,x be regular nonunits in a local ring (R, M), let I =
(b1,...,bg,x)R, and assume that a(I) = 1 and that I C (zR),, say (b;,2)" R =
z(bj,x)" Rfori=1,...,9. Let ¢ > ny+---+n,—g+1 be an integer and assume
that char(R/M) > max{ni,...,ng}. Then for all but finitely many units u1, . .., ug
in R that are non-congruent modulo M it holds that I = (b1 +wix,...,bg+ugz, z)R
and that, for j =ny+---+n,—g+1,...,q, I/ is generated by any set of ny - - -n,
power products of the form (by + u12)® - -+ (by + ugw)®sai =1 ="~ where 0 < ¢;
<n; (fori=1,...,9)and ey +---+¢e4 < j.

Before proving a converse of (4.4), we first mention the following two results that
are closely related to (4.1). These two results have the advantage that the original
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basis b, x does not change, but they have the disadvantage that we can only prove
them for k& = 2.

(4.7) Remark. Let (R, M) be a local ring, let « be a regular element in M, and let
b in R, such that b" = Z?:l r;z'b"* for some elements 71, ...,ry, in R.

(4.7.1) Assume that n is even, that ry,...,r,_2,7, € M, and that r,_; ¢ M.
Then (b,z)?"R = z%(b?,2?)" 1 R.

(4.7.2) Assume that n is odd, that r1,...,r,—1 € M, and that r, ¢ M. Then
(b,x)*"R = 22(b%, 2?)" "' R.

Proof. For (4.7.1), successively multiply both sides of b™ = 7" | r;z’b" "% by b",
b .., 2™, 2™ to get the n + 1 equations

n
b2n _ T‘xib2n_i
= § i
i=1

n
" = g T
i=1

Rewrite each of these n 4 1 equations with the n terms involving 232"~ (4
=1,...,n) on the right-hand side and the remaining n + 1 terms on the left-hand
side. Now view these equations in this form as the system H.Y = G of n+ 1 linear
equations in the n + 1 variables in the set

{p* i =1,...,2n— 1 and i #Z 0 mod 2} U {b*"}.

(Here, Y is the n + 1-tuple (column vector) (b2, xb?"=1 ... xip?n=t .. 22"~ 1p)t
(with ¢ =1,...,2n — 1 and i # 0 mod 2), G is the the n + 1-tuple (column vec-
tor) (g1,...,gn+1)", where g; is the sum of the terms of the j-th equation involv-
ing 22, 227 2b2 ... 22b>"~2 (including the coefficients rq,...,r, (and —1 for j =
3,5,...)) (so each g; is a linear combination of the generators of z2(b%, 22)" " R),
and H, is the n + 1 by n + 1 coefficient matrix, which is obtained (much as in
(4.1.3)) by crossing out columns 3,5,...,2n + 1 from the n + 1 by 2n 4+ 1 matrix
whose first row is —1 r1 7o ... 1, followed by n zeros, and whose i th row (i =
2,...,n+ 1) is obtained by adjoining a leading 0 to the i — 1-st row and deleting
the last zero from the ¢ — 1-st row.

Then, since r1,...,7nh_2,7y are in M, H, modulo M is the matrix

~10 0 0 .. 071 O 0 0
0-10 0 .0 0 © 0 0
000 0 0 ...0 0 Tpg 0 0
0 0-10 .00 © 0o 0

_ 00 0 0 ..0 0 0 0 0

H,=| 00 0-120 0 0 0 0
000 00 ..0 0 0 ..F1 O
0000 ..0 -1 0 0
00 0 O 0 0 0 0 Tno1

(where the overbar denotes residue class modulo M). By rearranging the rows of
this matrix it is readily seen that its determinant is +7,_;"/2 # 0 (by the hypothesis
on the coefficients r1,...,r,). Therefore the determinant of the coefficient matrix
H, is a unit in R, so it follows (much as in the next to last paragraph of the proof
of (4.1)) that (b,z)*"R = z%(b?,22)" 1R, so (4.7.1) holds.
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The proof of (4.7.2) is similar, using the n 4+ 1 by n 4+ 1 matrix

10 0 0 ..0F 0 0 ... 0
0-10 0 ..00 00 ... 0
000 00 ..007,0 ... 0
0 0-10..0000 ... 0

Tl o000 00 o0r 0

o=| 00 o0-1..00 0 0
00 00 .00 00 .7,
0000 ..0-100 ... 0

(whose determinant is 47, " ~1/2 £ 0). O

=~

We now prove a converse of (4.4). (Two additional converses of (4.4) are given

in (6.3) and (6.8).)

(4.8) Theorem. Let I be a regular ideal in a local ring (R, M) and assume that
there exist positive integers g, n, and k > (";‘9) such that I has a basis B1,...,0Bq, 2

such that I = (6%, ..., B,", 2*)"R. Then a(I) = 1.

Proof. Note first that, since I is generated by ¢ + 1 elements, it follows that I{5"

= (6", ..., ﬂgk, %)™ R can be generated by ("'g"g) elements. Also, if a(I) = a, then

I needs at least (k":fl_l) generators. Therefore, if k > ("';9) and TF" = [l

then it follows that a = 1, so a(I) = 1. O

(4.9) Corollary. Let (R, M) be a local ring such that char(R/M) = 0 and let
I = (b1,...,bg,2)R be a regular ideal in R. Then a(I) = 1 if and only if there
exists a positive integer n such that for all positive integers k there exists a basis
By, By of I such that '™ = (By7,..., B, , a7)"R forj =1,...,k.

Proof. This follows immediately from (4.4) and (4.8). O

5. SOME RESULTS CONCERNING BRACKET POWERS, PRENORMAL IDEALS,
AND RATLIFF-RUSH CLOSURE

In this section we prove several useful results concerning ideals of the form I1¥, as
defined in (3.1.6), and relate these ideals to prenormal ideals and to the Ratliff-Rush
closure of I. We begin by fixing some notation.

(5.1) Notation. The following notation is fized for this section: R is a Noetherian
ring, I is a regular ideal of R, b1,...,by (g > 1) are regular elements of R that
generate I, and if k is a positive integer, then I = (b* .. bgk)R. (Note that it
is not assumed that b1, ..., by is a minimal generating set for I; however, see (5.6.2)
and the comment following (5.6).)

(5.2) Definition. (5.2.1). I is normal in case I* = (I*), for all positive integers
k, and [ is prenormal in case I* = (I*), for all large integers k.

(5.2.2) v(I) denotes the smallest number of elements that generate I.

(5.2.3) The Ratliff-Rush closure I’ of I is the ideal (J{I¥*1 : I*; k > 1}, 50 I
= I¥*1 . I* for all large integers k. (A nice summary of results concerning these
ideals is given in [HJLS].)

(5.3) Remark. (5.3.1). Concerning (5.2.1), it is clear that every normal ideal is
prenormal, and it is shown in [M], (11.15)] that I is prenormal if and only if I" =
(I™), for infinitely many positive integers n.
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(5.3.2) Concerning (5.2.3), it readily follows from [RR1l (2.1) and (2.2)] that if J
is another ideal in R, then: (*) J’ = I’ if and only if J*¥ = I* for all large integers
k. Moreover, I’ is the largest ideal J such that J*¥ = I* for all large integers k,
by [RR1 (2.1)]. (It follows from (*) that the conclusion of (4.4) can be viewed as
saying that I/ and IU/! have the same Ratliff-Rush closure for j = 1,..., k. And a
similar statement can be made concerning (4.1) and (4.7) (using (*) together with

(5.6.1)).)

In (5.4) we prove two easy facts concerning prenormal ideals that will be useful
below.

(5.4) Lemma. (5.4.1) If I¥! is prenormal for some integer k > 1 and if m is a
positive integer that divides k, then I™ is prenormal. (In particular, I is prenor-
mal.)

(5.4.2) If I™ is prenormal for some integer k > 1, then IF™ = I for all large
integers n, so I™ and I* have the same Ratliff-Rush closure.

Proof. For (5.4.1) assume that I [ is prenormal and let k = mq. Then for all large
integers n it holds that Il™lan D [kln — (flkn) = (k7)) (by (3.2.1)) = (I™"),
D (I, O 1tmlan, Therefore Il™an = (1lmlan), for all large integers n, so I1™
is prenormal by (5.3.1).

For the parenthetical part of (5.4.1), by taking m = 1 (so Il = I and ¢ = k) in
the string of containments in the preceding paragraph it follows that I*" = (I*"),
for all large integers n, so it follows from (5.3.1) that I is prenormal.

For (5.4.2), if I'™ is prenormal, then for all large integers n it holds that IF" =
(IH™), = (I*"), (by (3.2.1)) = I* (by (5.4.1)), so I¥I" = T¥" for all large integers
n. Therefore I'* and I* have the same Ratliff-Rush closure by (5.3.2)(*). O

Because of (5.4.2), in (5.5)—(5.9) we note a few useful facts concerning the equal-
ity I1F" = 1%7: because of (5.3.2), each of these concerns the Ratliff-Rush closure
of an ideal.

(5.5) Remark. (5.5.1). If I = (b1,...,bg)R (g > 1), if b1,...,by are analytically
independent elements, and if £k > 1 is an integer, then, for each positive integer
n, (b, ..., b,")"R # (by,...,b,)*R. (This follows by noting that the number of
generators of IF™ is (";ﬁ;l) while the number of generators of I*" is (k”;_gfl).)

(5.5.2) If z,y are analytically independent in R, if 2 is a unit in R, and if J =
(z,y)R, then J = (z,z +y,y)R and JP = (22, (z + y)2,y?)R is such that JZ" =
J?" for all positive integers n. (Note that this example also shows that v(J*) >
v(J) is possible (see (5.2.2)); however, it is always true that I1¥] is generated by the

g elements b, ..., bgk, where I = (b1,...,bg)R.)

(5.6) Lemma. If IF" = 1% for some integers k > 2 andn > 1, then:

(5.6.1) IFli = 1% for all integers i > max{n, k(g —1)+1}.

(5.6.2) If K is the ideal generated by the k-th powers of the elements in I, and if
J is an ideal such that I C J C K, then J™ = I* for all large integers n. In
particular, if c1,...,cy € I, then we may choose J = (blk, e ,bgk, er®, .o efM)R.
(5.6.3) If m is a positive integer that divides k, then Itmin = mn for gll large
integers n.

(5.6.4) R[I/b] = R[I®/bF] for each regular element b € I.



ANALYTIC SPREAD ONE IDEALS 1665

(5.6.5)If J is an ideal in R, then IFn = JWkIn — Tkn — Tkn  where the “bar”
denotes residue class modulo J.

(5.6.6) If A is an extension ring of R, then " A = (TA)FI" = (TA)k = [FnA.
(56.6.7) If S (0 ¢ S) is a multiplicatively closed set in R such that IRs # Rg, then
IF"Rg = (IRg)FI" = (IRg)*™ = I*"Rs.

Proof. For (5.6.1), note first that if I!¥" = 1*" then IF"¢ = [¥74 for all positive
integers ¢, so I1¥1" = I*" for infinitely many positive integers n.

Now let X be a reduction of I1¥ (possibly X = I, so X is a reduction of I*,
by (3.2.1) (and the transitivity property of reductions), so there exists a positive
integer m such that XT¥" = JKI(»+1) apnd X1k = 1R+ for all integers n >
m. (Note that if X = I® then m can be taken to be k(g — 1) + 1.) By the
preceding paragraph fix n > m such that I¥1" = k7 Then JKI(n+i) = xiflkln
= XJ[kn = [k +9) for all positive integers j; hence IF" = T* for all integers i >
max{n, k(g —1)+ 1}.

For (5.6.2), it follows from the hypothesis and (5.6.1) that if n is a large integer,
then Ikn = [lkln C gn C K™ C [F" so J" = I*. For the last statement, if
€1,...,¢cf € I, then it is clear that I C (blk, . ,bgk,clk7 MR C K.

For (5.6.3) let k = mq. Then Il™an D [lmaln — flkln — pkn — pman 5 plmlen
so IMh = ™" for b = gn; hence I™" = ™ for all large integers n by (5.6.1).

For (5.6.4) fix a regular element b in I. If I¥I" = 1¥" for some positive integer
n, then R[I/b] D R[I™ /b¥] D R[I*" /bk"] = R[I*" /bk"] = R[I/b], the last equality
since b*"~1b; € I*" for i = 1,...,g, so R[I/b] = R[I*/v¥].

The proof of each of (5.6.5)—(5.6.7) is straightforward, so the proofs will be
omitted. O

Perhaps two comments concerning (5.6) should be given here. First, it follows
from (5.6.2) that we could replace I (K] with K, which has the advantage that K
is independent of the basis b1,...,by of I. However, this replacement has the
disadvantage that K does not behave nicely when passing to related rings and
when considering different exponents k.

And, second, it follows from (5.6.5)—(5.6.7) that, when working with the hypoth-
esis IIF" = T%" it can often be assumed that R is an integrally closed complete
local domain with an infinite residue field.

Theorem 5.7 is related to (5.6.4) and it characterizes when the ideal I{%) =
({b*; b € I})R has the property that I¢*)™ = I** for some positive integer n. (We
do not know if the hypothesis that R/M is infinite is necessary in (5.7).)

(5.7) Theorem. Let R be a Noetherian ring, let I be a regular ideal of R, let k >
2 be an integer, and consider the following statements:
(5.7.1) 1% = 1*n for all large integers n.
(5.7.2) I%)™ = T*" for some integer n > 1.
(5.7.3) R[I/b] = R[I®) /b¥] for each regular element b € I.

Then (5.7.1) = (5.7.2) = (5.7.3), and if R is local with an infinite residue field,
then (5.7.3) = (5.7.1).

Proof. It is clear that (5.7.1) = (5.7.2).

For (5.7.2) = (5.7.3), since I**) = ({b*; b € I})R, there exists a basis b, ..., by
for I such that I‘%) = (blk, e ,bhk)R. Fix a regular element b in I and note
that I(¥)» = I*" for some positive integer n, by (5.7.2). Therefore it follows that
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R[bi/b,.....bu/B] = RII/B] 2 RIT® /] 2 RIIW™ /5] = RII* /5] = R{T/b], the
last equality since b*"~1b; € I*" for i = 1,...,h, so R[I/b] = R[I¥) /b¥]. Therefore
(5.7.2) = (5.7.3).

Finally, assume that R is local with an infinite residue field and that (5.7.3) holds,
and by (3.3) let b be a regular superficial element for I such that b* is a regular
superficial element for I¥). Let A = R[I/b],s0o A = R[I‘® /b*], by hypothesis. Then
Vm"ANR = I" and *" AN R = I%*)" for all large integers n by (3.5). Therefore
it follows that I¢*)® = %" for all large integers n, so (5.7.3) = (5.7.1). O

The following lemma gives four computational rules concerning the operation
I — I,

(5.8) Lemma. Let R and I = (b1,...,by)R be as in (5.1), and let m and k be
positive integers. Then:

(5.8.1) Hlml = lkml,

(5.8.2) IkIm = mlk],

(5.8.3) If J is another ideal in R, then (IJ)IF = Tkl jIk],

(5.8.4) If J is another ideal in R, if I C J, and if char(R) = p is prime, then I'P"]
C JIPI for all positive integers e. (Therefore I'P] is independent of the basis of I
and is the ideal generated by the p®-th powers of any set of basis elements of I.)

Proof. For (5.8.1), IM™ = ((b,%, ... b, FYR)™ = (b5, . b, *™ R = 1lkmI,

For (5.8.2), IM™ is generated by elements of the form by"" . ~bgk69, where
e1+ - +ey = m, and Il is generated by elements of the form (b;°* ---b,%)*,
where e +- - -4+e4 = m, so it follows that the ideals I and 1"¥ have a common
generating set.

For (5.8.3), if J = (c1, ..., cf)R, then (IJ) is generated by elements of the form
(bic;)* (with i =1,...,gand j = 1,..., f), and I% JI i generated by elements
of the form bikcjk (withi=1,...,gand j = 1,..., f), so it follows that the ideals
(IJ)¥ and 1% JI¥] have a common generating set.

Finally, for (5.8.4), let J = (c1,...,c¢s)R, assume that I C J, and let e be a
positive integer. Then for i = 1,..., g there exist elements r; ; in R such that b;
= Ejzlfri,jcj. Therefore b;?" = ijlfmj”ecj”e € JIPl 5o it follows that T1P] C
JPl. The parenthetical statement readily follows from this. O

In (6.3.2) we show that if char(R) = p is prime and I is a regular ideal such that
IlPI" — [P for some positive integer n, then a(IRp) = 1 for all prime ideals P in
R that contain I. This is, of course, a converse of (4.4), and we believe something
similar to this should hold in arbitrary characteristic (and the results in (5.8) might
prove useful in this regard), but we have not been able to prove it. However, it
follows from (5.5.2) that some caution must be used in stating the desired result,
and we include the following example to show that the proof of the desired result
is not completely trivial.

(5.9) Example. Assume that [ is a regular ideal in a local ring (R, M) and assume
that R/M is infinite. Then the following is an incorrect proof of the implication
IFI" = 7 for some integers & > 2 and n > 1 implies that a(I) = 1. By (5.6.1),
Tkln = [k for all large integers n, so let n = k" with h a large integer. Then kK"
= I""" 0 by (5.8.2) we have = (Ikh)[k]. Therefore v(IkHl) = v(([kh)[k})
< U(Ikh) = (say) h* (the inequality holds, since raising the elements in a basis
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to their k-th power does not increase the number of elements). Iterating this it
follows that v((I’“h)") < h* for all positive integers n, so v((Ikh)h*H) < h*+1.
Therefore, [ES, Theorem], shows that a(Ikh) <1, so a(l) < 1; hence a(I) = 1
since I is regular. (The mistake in this “proof” is that, although the equality I kM
= (Ikh)[k] does imply that v(Ith) = v((Ikh)[k]), it is not necessarily true that
v((I’“h)[k]) < v(I’“h); for example, I = (X, X +Y,Y) in Q[X,Y]xy) (Q is the

rationals) has T2 = I2, so (12")2) = 122" = 12" byt o(12""") > 0(12").)

6. A PROPERTY THAT IMPLIES ANALYTIC SPREAD ONE IN CHARACTERISTIC p

In this section we prove a strong converse of (4.4) when char(R) = p is prime,
and another strong converse when (R, M) is local and char(R/M) is prime. For
the first of these we need the following result, which is of some interest in itself.

(6.1) Proposition. Let A C B = Alz1,...,x4] C C be rings and assume that

char(A) = p is prime and that B = A[z1°,...,x,], where each e; is of the form
p* > 1. Then: ' ‘
(6.1.1) B = Az ,...,x,P"] for all integers i > 1.

(6.1.2) If y1,...,ym are elements in C such that B = Alyi,...,ym], then B =
Al .. ym?'] for all integers i > 1.

Proof. For (6.1.1), B = A[z1%,...,24%] C Alz1?,...,24°] C B, so we have B =
Alx1?, ..., z4P]. Therefore for j =1,..., g there exists a polynomial P; (X1, ..., X,)

with coefficients in A such that x; = Pj(z1?,...,24"). Let k£ > 1 and assume it has
been shown that B = A[xlpk, e ,xgpk]. Then
k k k+1 k+1
P = (Pj(zi?,...,xP))P € Az ... z" ]
It therefore follows that A[xlpk, e ,xgpk] - A[xlpk+1, e ,:cgpk+1], and it then fol-

lows that B = A[xlpk+1, e ,acgpk+1]. Therefore B = A[xlpi, . ,:cgpi] for all positive

integers ¢, so (6.1.1) holds.

For (6.1.2),if A[z1,...,x4] =B =A[y1,...,Ym], thenfor j =1,..., g there exists
a polynomial Q; (X1, ..., X,,) with coefficients in A such that z; = Q,;(y1, ..., Ym)-
Then z,;7 = (Qj(Y1,---,ym))? € Aly1?, ..., ymP], so it follows that Alxq?, ..., z4P]
C Ay, ..., ym?]. But B = A[zP,...,z47], by (6.1.1), and A[y:?,...,ym"] C B,
so it follows that Ay1,...,Ym] = A[y1?, ..., ymP]. Therefore the conclusion follows
from (6.1.1). O

(6.2) Remark. Let A and B be asin (6.1) and let P € Spec(B). Then the P-residue
classes of the x; are algebraic over A/(P N A).

Proof. B/P = Rly1,...,yg] = Rlyi?,...,ys"], where R = A/(P N A) and y; =
xz; + P fori=1,...,9. Therefore F(yi,...,y4) = F(yi?,...,ys?), where F' is the
quotient field of R, so each y; is algebraic over F, by (6.6) below, so each y; is
algebraic over R. O

(6.3) gives a strong converse of (4.4) when char(R) is prime.

(6.3) Theorem. Let R be a Noetherian ring, let I = (b1,...,bq)R be an ideal
in R, and assume that char(R) = p is prime and that Jmetln — mp“n for some
positive integers m, e, and n. Then the following hold for each prime ideal P in R
that contains I:
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(6.3.1) (IRp)[pf]h = (IRp)pfh for all positive integers [ and for all large integers
h.
(6.3.2) a(IRp) = 1.

Proof. Note first that by (5.6.3) it may be assumed that m = 1.

Fix a prime ideal P in R that contains I. Then char(Rp) = p and (IRp)lP*I" =
(IRp)P™™, by (5.6.7). If Rp/PRp is finite, then let X be an indeterminate and let
L = Rp(X) = Rp[X]ppr,ix) and M = PL, so char(L) = p, (IL)PI" = (10)P"",
by (5.6.6), and L/M is infinite. Also, a(IRp) = a(IL), so to prove both statements
it may be assumed to begin with that R is local with maximal ideal P and that
R/P is infinite.

Now fix a positive integer f. Then, since char(R) = p, it is readily checked that
1w’ = K, where K,s is the ideal generated by the p/-th powers of the elements
in I. Therefore by (3.3) there exists a regular superficial element x for I such that
a7’ is a regular superficial element for IP']. Let A = R[I/x], s0 A = R[IP] /"],
by hypothesis and (5.6.4); hence A = R[I[pf]/xpf] by (6.1.1). Therefore it follows
from (3.5) that, for all large integers n, we have 'mANR = P'm (since A =
R[I/z]), and a?'"ANR = P (since A = R[I[pf]/xpf]), so it follows that ']
= 17" for all positive integers f and for all large integers n, so (6.3.1) holds.

Finally, (5.8.4) shows that ’U(I[pf]) = v(I), so it follows from 1lIn = pp'n that
U(Ipf") <v(I") < ("J“’(I)Il) for each large integer n and for all integers f > 1 (see

v(I)—
(5.2.2)). Since the number of generators of I™ is a polynomial, and since ("j&(ﬂ);l)

is independent of f, it follows that this polynomial has degree zero, so a(I") < 1.
Therefore a(I™) = 1, since I is regular, so a(I) = a(I"™) = 1, so (6.3.2) holds. O

(6.4) Corollary. Let I be a regular ideal in a Noetherian ring R. Assume that
char(R) = p # 0 and that there exists a generating set by, ..., by of I such that
there exist positive integers m,e such that (by™" ... ,bgmpe)R and I have the
same Ratliff-Rush closure. Then a(IRp) = 1 for all prime ideals P in R that
contain I and height(P) = 1 for each minimal prime divisor P of I. Moreover, if
xR is a minimal reduction of I, if b is a regular element in I, and if A = R[I/b],
then A is the localization Blx/b] of B = R[I/x].

Proof. Tt is noted in (5.8.4) that I'*"! is independent of the basis for I, so the
hypothesis is that 7Pl and I"™"° have the same Ratliff-Rush closure. Also, by
(5.6.3) it may be assumed that m = 1 = e, so I'?! and I? have the same Ratliff-Rush
closure; hence IPI" = IP™ for all large integers n, by (5.3.2). Therefore it follows
from (6.3) that if I C P € Spec(R), then a(IRp) = 1 (so if P is a minimal prime
divisor of I, then IRp is open and a(IRp) = 1, so it follows that height(P) =
altitude(Rp) = 1).

Now assume that zR is a minimal reduction of I, so xR C I C (zR),. Therefore
x is a regular nonunit, since I is a regular ideal; hence B = R[I/x] C R’. Also, if b
is a regular element in I, then b/x € B C R’ C A’, where A = R[I/b], and z/b €
A. Therefore it follows that b/x € A, so A = R[I/b] = R[I/b,b/x] = R[I/x,x/b] =
Blxz/b]; hence A = B[z/b] is a localization of B. O

(6.5) Corollary. Let R and I be as in (6.4) and assume that height(I) > 1. Then
for all prime ideals P in R that contain I it holds that (IRp)® and (IRp)? do not
have the same Ratliff-Rush closure.
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Proof. If I C P € Spec(R) and if (IRp)P! and (IRp)P have the same Ratliff-Rush
closure, then height(IRp) = 1 by (6.4), so height(I) = 1. Therefore, if height(I)
> 1, then (IRp)[p] and (IRp)P do not have the same Ratliff-Rush closure. O

In (6.8) we prove another converse of (4.4). For (6.8) we need the following result
(which is a slight extension of a result of R. Gilmer). (6.6) is a useful extension of
|ZS1, Corollary, p. 70], where it is shown that if F' is a field of characteristic p # 0
and y is algebraic over F, then F(y) = F(y?) if and only if y is separable over F.

(6.6) Proposition. Let G C F C E be fields of characteristic p # 0 and assume
that y1,...,y, are elements in E such that G(yi®', ..., y,"") = F(y1, ..., yy) for some
positive integer i. Then each y; is algebraic over G.

Proof. IfG(ylpi, cey ygpi) = F(y1,...,Yg), then it readily follows that G(ylpi, cey ygpi)
= G(y1,...,Yg), so it may be assumed to begin with that G = F.

Now let {y1,...,yn} be a transcendence basis for L = F(y1, ..., yg) over F.
Then L is a finite algebraic extension field of K = F(ylpi, . ,yn”i)7 and L =
F(ylpi7 ...,yg"), by hypothesis. Also, K(LP) = L, since

K(Lp) :F(ylpa"'7ynp7yn+1pa"'7ygp) QF(ylpiv"wyg ) LDK(LP)

so L is separable over K, by [ZST], Theorem 8, p. 69]. But this implies that n = 0,
for otherwise y; € L — K is purely inseparable over K; hence each y; is algebraic
over F. 0

Unfortunately, when char(F') = 0, it is possible for F(yi,...,y4) to be equal to
F(y1™,...,y,") for all positive integers n and with each y; transcendental over F,
as the following example of Gilmer shows.

(6.7) Example. Let F' be a field of characteristic zero and let X be an indetermi-
nate. Then there exist Y, Z € F(X) — F such that F(Y,Z) = F(X) = F(Y™,Z")
for all positive integers n.

Proof. Let f(X) and g(X) in F[X]. Then F(f(X)) C F(f(X),9(X)) C F(X) and
Fg(X)) € F(f(X),9(X)) Q F(X). Therefore [F(X) : F(f(X),g(X))] divides
both [F(X) : F(f(X))] = deg(f(X)) and [F(X) : F(¢(X))] = deg(9(X)), so if
deg(f(X)) and deg(g(X)) are relatively prime, then it follows that F(f(X), g(X))
= F(X). Therefore let a, b € F,let f(X) = X2?+aand g(X) = X2+ X —b, and let
Y = f(X)and Z = g(X). Then Y and Z are transcendental over F'; and F(Y, Z) =
F(X) = F(Y™, Z™) for all positive integers n (since F(Y", Z") = F(Y™,Y" — Z™)
and the degrees of Y™ and Y™ — Z™ are relatively prime). O

The next result is closely related to (6.3), and is another converse of (4.4).

(6.8) Theorem. Let (R, M) be a local ring, let I be a regular ideal in R, and let
bi,...,by be regular elements in R that generate I. Assume that char(R/M) = p
is prime and that there exist positive integers e,m,n such that Im?“ln = mp"n,
Then a(I) = 1.

Proof. Note first that by (5.6.3) it may be assumed that m =1 = e.

Let a(I) = d and let altitude(R) = h, so d < h, and d > 1 (since I is regular).
Let R = RJu, tI], so by the definition of the analytic spread of an ideal it suffices
to show that d = altitude(R/(u, M)R) = 1.
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For this, let Py be a (minimal) prime divisor of (u, M )R such that depth(Py) =
d and let M = (u, M,tI)R, so Py C M. We now show that depth(Py) =1 (so a(l)
=1).

For this, since Py C M, by resubscripting the b;, if necessary, it may be assumed
that tby ¢ Fy. Therefore let B = R[b1/bg,...,bg—1/b,] and let S = R[1/tb,]. Then
S = Bltbg, 1/tby], uS = b,S, and (u, M)S = MS (since by, € MB C MS) C F,S.
Also, since S = Bltby, 1/tby] and tb, is transcendental over B, it follows that PyS
= poS, where pg = FpSN B.

Assume it is known that B/pg is a field. Then depth(po) = 0, so since S is
the localization B[tby,1/tby] of the pure transcendental extension B[tby] of B, it
follows that depth(poS) = 1, so depth(PyS) = 1 (since PyS = pS). Also, S/PS and
R/ P, are finitely generated integral domains over the field F' = R/M, so it follows
that trd((S/PyS)/F) = altitude(S/PyS) = depth(PyS) = 1 and trd(R/Py)/F) =
depth(Py). Further S/PyS is the localization (R/Pp)[1/tb,] of R/ Py, so it follows
that altitude(R/Py) = altitude(S/PyS), so altitude(R/Py) = 1. Therefore a(I) =
depth(Py) = altitude(R/Py) = 1, as desired, so it remains to show that B/py is a
field.

For this, let &; = b;/b, for j = 1,...,9 — 1 and note that by hypothesis and
(5.6.4) (and the first paragraph of this proof) it follows that B = R[z1P,...,x4_17].
Let C' = B/pg, and for j =1,...,g—1set y; = xj+poin C,s0C = Fly1,...,Yg—1)
= Fyi?,...,yg—17]. Therefore it follows that F(yi,...,ys—1) = F(y?,...,yg-17).
Therefore, since char(F) = p, by hypothesis, it follows from (6.6) that each y;
is algebraic over F, and it then follows that C is a field; hence a(I) = 1 by the
preceding paragraph. O

7. AN APPLICATION TO IMBEDDED PRIME DIVISORS

The main result in this section, (7.2), uses (6.5) to show that if R is a Noetherian
ring such that char(R) = p is prime, if I is a regular ideal of height at least two
in R, if S is the set of prime ideals in R that contain I, and if W is an arbitrary
finite subset of S that contains the essential prime divisors of I (see (7.1.3)), then
there exists an ideal J in R that is closely related to I such that Ass(R/J*) = W
for all positive integers k. This result is related to the results in [MR], where there
are given a number of sufficient conditions on the ideals in W for this conclusion
to hold. The results in [MR] apply to all regular ideals of R (instead of restricting
attention to ideals of height at least two in Noetherian rings of prime characteristic),
but the inclusion of ideals of height one in all Noetherian rings came at the price
of imposing some restrictions on the ideals in W. (For example, the result holds
for a (regular) principal ideal bR if and only if bRp is not integrally closed for all
minimal prime divisors P of bR.)

To prove (7.2) we need the following four definitions.

(7.1) Definition. If I is an ideal in a Noetherian ring R, then:

(7.1.1) A*(I) is the set of persistent prime divisors of I, so A*(I) = {P; P €
Ass(R/IF) for all large integers k}.

(7.1.2) A*(I) denotes the set of asymptotic prime divisors of I, so A*(I) =
{P; P € Ass(R/(I*),) for some positive integer k}.

(7.1.3) E(I) denotes the set of essential prime divisors of I, so E(I) = {P; P =
pN R, where p € Ass(R(R,I)/uR(R,I)) and the completion of R(R, I), contains
a depth one prime divisor of zero}. (Concerning R(R,I), see (3.1.3).)
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(7.1.4) If J is another ideal in R, then J is projectively equivalent to I in case
(J7)q = (I'), for some positive integers i and j.

Concerning (7.1.1)-(7.1.3), it is shown in [KR], (2.5.7) and (2.3.3)] that A*(I) C
E(I) € A*(I), and it is shown in [M] (1.5)] that A*(I) is a finite set.
With these definitions in mind, we can now prove the main result in this section.

(7.2) Theorem. Let R be a Noetherian ring such that char(R) = p # 0, let I be
a regular ideal in R such that height(I) > 1, and let S = {P € Spec(R); I C P}.
Then for every finite subset W of S there exists an ideal J in R such that:
(7.2.1) J is projectively equivalent (see (7.1.4)) to I.

(7.2.2) A*(J) = Ass(R/J*) = WUE() for all positive integers k.

Proof. It is shown in [MR], (1.10)] that there exist a positive integer m and an ideal
H between I"™ and (I™), such that A*(H) = W UE(I), if for each prime ideal P
of R that contains I it holds that either P € A*(I ) or IRp is not prenormal. Also,
it is shown in [M] (1.5)] that Ass(R/H*) = A*(H) for all large integers k. We will
now apply these results to IP! to construct the desired ideal J.

For this, since height(I) > 1, it follows from (6.5) and (5.4.2) that IP/Rp =
(IRp)IP! is not prenormal for all P € Spec(R) that contain I. Therefore by applying
MR, (1.10)] to I'P! it follows that there exist a positive integer m and an ideal K
between IPI™ and (IP™), such that A*(K) = W UE(IPl). Then since I'?! and T
are projectively equivalent (by (3.2.1) and (7.1.4)), [KR] (2.5.6)] shows that E(I[))
=E(I), so A*(K) = WUE(I), so [M, (1.5)] shows that if k is a large integer, then
(7.2.2) holds for J = K*. Finally, (I"!), = (I?)4, by (3.2.1), so I'"! is projectively
equivalent to I, and it is readily checked that K is projectively equivalent to I?! and
then that J is projectively equivalent to K. Therefore, since projective equivalence
is transitive, it follows that J is projectively equivalent to I, so (7.2.1) holds. O

(7.3) Corollary. Let Q1,...,Qq4 be primary ideals of height at least two in a Noe-
therian ring R, assume that char(R) = p is prime, and let W be a finite set of
prime ideals of R that contain Q1 ---Q4. Then there exists an ideal J in R such
that:

(7.3.1) J is projectively equivalent to Q1 --- Q.

(7.3.2) A*(J) = Ass(R/J*) = WUE(Q1---Q,) for all integers k > 1.

Proof. The hypothesis implies that height(Q1---Q4) > 1, so this follows immedi-
ately from (7.2). O

(7.4) Remark. With the notation of (7.2):

(7.4.1) The reason for wanting the ideal J of (7.2) to be projectively equivalent
to I is that projectively equivalent ideals have many of the same properties. So in
many ways the change from I to J is a small one, but (7.2) shows that the change
from A*(I) to A*(J) can be almost arbitrarily bad (or, good).

(7.4.2) As noted in the proof of (7.2), it is shown in [KR] (2.5.6)] that E(H) = E(I)
whenever H and I are projectively equivalent ideals, so the conclusion of (7.2.2)
can be restated as A*(J) = Ass(R/J¥) = W U E(J) for all integers k > 1. This
(together with the fact that E(H) C A*(H)) shows that if H is any ideal that is
projectively equivalent to I, then E(I) C A*(H).

(7.4.3) If W is the empty set, then (7.2.2) shows that Ass(R/J*) = E(I) for all
integers k > 1. This is the main result in [KMOR], but the result in [KMOR]
applies to all regular ideals (not just those of height at least two).
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8. RELATED RESULTS

In this section we give some further results concerning the equality I*/" = 1*»
and some additional characterizations of when a(I) = 1.

The conclusion of the first result in this section is similar to the conclusion of
(4.4). However, we are only able to prove (8.1) for the case when altitude(R) = 1.

(8.1) Proposition. Let (R, M) be a local ring such that altitude(R) = 1, let H
be a regular ideal in R, and let f be an integer such that I = HY has a reduction
generated by one element, say x. Let I = (b1,...,bg, )R and fix a positive integer
k. Then there exists a positive integer q such that I+ = Jkalhn for g1l positive
integers h and for all large integers n. (In particular, if we let J = I*9 | then JH"
= J"" for all positive integers h and for all large integers n.)

Proof. Since altitude(R) = 1 and I is regular, it follows that a(I) = 1. Therefore,
since z € I C (zR),, (3.7) shows that = (resp., z¥) is a regular superficial element
for I (resp., I'*]).

For each positive integer ¢ let A, = R[IF/2*9] so if m is a positive integer
that divides ¢, then A, C A,, (and A,, C A; = R[I¥/z*]). Also, zF™"A, N R =
Ik and 2™ A, 0 R = IF™" for all large integers n, by (3.5).

Now there exists a positive integer i such that 2'4; C R (since A; = R[I* /z¥]
is a finite R-module (since zR is a reduction of I)) and R/z?A; is an Artinian local
ring (since xR is M-primary (since z is regular and altitude(R) = 1)). Therefore
for any rings C and B such that R C C C B C A; we have 2'4; C R C C C
B, so it follows that C'/2'A; = B/x'A; if and only if C = B. Also, A;/x'4; is
a finite module over the Artinian ring R/x?A;1, so the rings between R/z‘A; and
Ay /xt Ay satisfy the descending chain condition. It therefore follows that there
exists a positive integer ¢ such that A,, = A, for all positive integers h. And it
follows from the preceding paragraph that x*"" A, "R = Ikahln and zhahn A N R
= Jlkalhn for all large integers n, so the conclusion follows since Agn = A, for all
positive integers h. The parenthetical statement follows from this and (5.8.1). O

(8.2) Remark. By using (5.8), it is tempting to use the conclusion of (8.1) to say
that HFah/n = (FF)kahln — (g Fylkahn — rlkalhfn for all positive integers h and
for all large integers n. However, when passing from H to I = H/, we had to
introduce the regular superficial element x as part of the basis of I, so Hk4f
# HIk because HF is the bracket power of a given basis (say ci,...,cn) for
H, while H/l™4] is the bracket power of Hf with a different basis than the basis
{Clel ceepfmier+ oot ey, = f}

We close this paper with one more theorem that characterizes regular ideals of
analytic spread one. This result also strengthens and expands the last conclusion
of (6.4).

(8.3) Theorem. Let I be an ideal generated by regular elements bi,...,by in a
local ring (R, M), assume that R/M is infinite, let R = R(R,I), and for i =
1,...,9 let A; = R[I/b;]. Then the following are equivalent:

(8.3.1) a(d) = 1.

(8.3.2) There exists a reqular element b € I such that b/b; is a unit in A; for i =
1,...,9.
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(8.3.3) There exists a reqular element b € I such that A = R[b1/b,...,bs/b] C A;
fori=1,...,9.

(8.3.4) There exists a reqular element b € I such that tIR C Rad(tbR).
(8.3.5) There exist a reqular element b € I and a positive integer k such that I
C Ikt

(k]

Proof. Assume that (8.3.1) holds. Then since R/M is infinite, there exist a regular
element b € I and a positive integer n such that bI"~! = I". Therefore b;" € bI"~!
for i = 1,...,g, so by dividing both sides of b;" € bI"~! by b;" it follows that 1
€ (b/b;)(I" ' /b;™ ) C (b/b;)A;. Therefore b/b; is a unit in A; fori = 1,...,g, so
(8.3.1) = (8.3.2).

Assume that (8.3.2) holds and fix i € {1,...,g}. Then b;/b = (b;/b;)(b;/b) € A;
forj=1,...,9,50 A C A;, so (8.3.2) = (8.3.3). And if (8.3.3) holds, then b;/b €
A;fori=1,...,9,50 b/b; is a unit in A;; hence (8.3.3) = (8.3.2).

Assume that (8.3.2) holds, fix i € {1,...,g}, and let S = A;[th;, 1/tb;], so S =
RI[1/tb;]. Also, uS = b;S = bS (since tb; and b/b; are units in S), so it follows that
tbS = bS : uS = S, so tb is a unit in S. Therefore (tb;)™ € tbR for some integer n
> 1 (since S = Rg with S = {(tb;)™; n > 0}). Since this holds for i = 1,...,g¢, it
follows that tIR C Rad(tbR), so (8.3.2) = (8.3.4).

Assume that (8.3.4) holds, so there exists a positive integer k such that (tI)*R.
C tbR. Therefore by considering the homogeneous elements of degree k in the two
homogeneous ideals (¢ )kR and tbR it follows that I* C bI*~1, and it is clear that
IF C 1% 50 (8.3.4) = (8.3.5).

Finally, assume that (8.3.5) holds. Then since b € I it follows that I*l C prF—1
C I*. Also, I™ is a reduction of I*, by (3.2.1), so bI*~! is a reduction of I*.
Therefore it follows that (I¥)"+1 = pIk=1(1F)" = pIk"+F—1 for all large integers n,
so bR is a reduction of I. Therefore a(I) < 1, and a(I) > 1 (since I is a regular

ideal); hence a(I) = 1, so (8.3.5) = (8.3.1). O
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